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ON DYNAMIC RESPONSE OF PRESTRESSED CYLINDRICAL
SHELLS-GREEN'S TENSOR TECHNIQUE

ERIC N. K. LIAO and P. G. KESSEL

Department of Engineering Mechanics, University of Wisconsin, Madison, Wisconsin 53706

Abstract-The integral solution for the displacement vector of the mid-surface of a finite, simply supported
thin circular cylindrical shell with initial biaxial stress subjected to arbitrary three dimensional time-dependent
surface loadings has been derived in terms of the associated Green's tensor kernel based upon Flugge's equations.
As direct applications, this paper presents theoretical analyses for (a) the dynamic response of a prestressed
cylindrical shell due to a cyclic traveling axially-symmetric ring load and (b) the transient and steady-state response
of a prestressed shell subjected to a cyclic moving point force. It is found that in both problems there exists
theoretically an infinite number of load movement frequencies to resonantly excite each mode of vibration of the
shell, either with or without initial stress. The general dynamic solution of prestressed shells together with the
Green's tensor representation and the analytic solutions for the specific problems are also valid for Donnell's
equations, if definition of some coefficients is properly adjusted.
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radius of shell mid-surface
circular frequency of radial variation of ring load
shell thickness
shell length
number of axial half waves
number of circumferential waves
time dependent-surface loads per unit surface area in X, y, z directions respectively
time

vibratory displacement vector of shell mid-surface excluding uniform deformations
induced by uniform initial stress

cylindrical coordinates of mid-surface
center position of axial oscillation of loads
linear partial differential operators
Young's modulus
identity matrix of order 3
Eh/(I - v2

)

Green's tensor
Heaviside step function
Bessel function of the first kind
Green's temor components
constant initial stress resultants in X, y directions respectively, positive for tension
amplitude of cyclic moving point force
amplitude of intensity of oscillatory moving ring load
shell surface
amplitude of axial movement
dimensionless cylindrical coordinates, rJ. = x/a, p = y/a
dimensionless initial stress parameters, rJ. 1 = N?/F, rJ. 2 = N~/F
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Dirac distribution
Kronecker delta
circular frequency of axial oscillation of moving loads
two circular frequencies of axisymmetric modes
three circular frequencies of non-axisymmetric modes
dimensionless axial wavelength parameter
mass density of shell
Poisson's ratio

1. INTRODUCTION

THE problem of the dynamic response of cylindrical shells has received considerable
attention in recent years. Particularly, the response of thin circular cylindrical shells to
travelling shock waves has been the subject of many investigations. However, most of the
studies on moving loads, such as those given in Refs. [1-5], were concerned with axially
symmetric, uniformly moving loads on cylindrical shells which are free of initial stress.
Reismann [6] and Herrmann and Baker [7] presented solutions for the response of pres
surized cylindrical shells subjected to uniformly travelling axially symmetric loads. Schlack
and Raske [8] obtained resonance conditions and response characteristics for a beam
subjected to a cyclic moving load. Crocker [9, 10] presented a solution for the response
of a simply supported flat panel subjected to oscillating shock waves of constant mag
nitude, and recently, Kessel and Schlack [11], by neglecting the longitudinal inertia, ob
tained an approximate solution for the response of a simply supported thin shell with
uniform initial axial stress subjected to an oscillating ring load of constant intensity.
However, no known solutions derived from shell theory including radial and in-plane
inertia forces have been presented for the cases of an oscillating ring load as well as an
axially cyclic moving radial point force for either unpressurized or pressurized shells.
Loadings of this nature have become increasingly important in several fields of engin
eering, among others, in the reality of skin structure of an aerospace vehicle, jet engine
intakes of supersonic aircraft subjected to oscillating shock pressure fronts and to cyclic
travelling localized pressure discontinuities and surface finishing operations.

Although Cottis [12, 13], based on Reissner's shallow shell assumption, succeeded in
obtaining the integral representation for only the radial component of displacement for
both isotropic and orthotropic finite, simply supported cylindrical shells due to radial
loadings by utilizing the Green's function technique, no known expressions of Green's
functions for vector-valued displacement functions, i.e. Green's tensor based upon thin
shell theories retaining all translatory inertia forces in the radial, axial and circumferential
directions have been explored in the literature.

It is the main purpose of this paper to derive the integral representation for the dis
placement vector of the mid-surface of a prestressed thin circular cylindrical shell sub
jected to arbitrary three dimensional time-dependent surface loads and to present the
associated Green's tensor kernel. The shells considered herein are of finite length with
simply supported ends. The integral solution is general in the sense that it is applicable
to shells under arbitrary loadings and reduces the problem of solving the partial dif
ferential equations to a much more straightforward integration.

Further, this paper presents the analytical solutions to the specific problems of an
oscillating ring load and an axially cyclic moving radial point force on pressurized shells
as direct applications of the general integral solution.
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It is pointed out that although the analysis is based on Flugge's equations, the deri
vation and solutions are valid for Donnell's equations as well, provided that the definitions
of some coefficients are properly adjusted as shown in the Appendix.

2. BASIC EQUATIONS

In Fig. 1, I, a, h are the length, mean radius and thickness respectively of the cylinder;
x, y, z are the cylindrical coordinates for the mid-surface of the cylinder; u, v, ware the
corresponding displacement components of a point on the mid-surface; 0(, {3 are dimension
less coordinates denoted by 0( = x/a, {3 = y/a and q1' q2' q3 are the arbitrary time de
pendent surface loadings along x, y, z directions, respectively.

The constants N?, N~ represent the uniform initial membrane stress resultants per
unit length in the cylinder along the x, y directions respectively due to initial internal
and/or external pressure and a system of static loadings.

In addition to the conventional thin shell assumptions of homogeneity, isotropy, small
displacements and the thickness-radius ratio less than 1/10, this paper assumes the trans
verse shear deformation and rotatory inertia are negligible, and the initial stress resultants
N? and N~ are less than the static buckling loads. Damping is also excluded from this
investigation.

According to Flugge [14J, the governing equations of motion for the prestressed circular
cylindrical shell may be written as

~ a2

Rd(x, {3, t) = - Jiq(x, {3, t) (1)

where R, aand qare matrices of partial differential operators, displacement and forcing
vectors, respectively, as given by

pha2 02

A ---
11 F ot2

R= (2)

-I
FIG. I. Sign convention for coordinates, displacements and loads.
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in which p is mass density of shell, t is time and A ij are differential operators given by

(3)

where

Eh
F=-1-2'-v

The shell with simply supported ends has the homogeneous boundary conditions

oU 02W
v = w = - = - = 0 at x = 0 and I,ox ox2 (4)

and for simplicity, homogeneous initial displacements and velocities in all three directions
are assumed

- 0-
d(x, {3, 0) = otd(x, {3, 0) = O. (5)

3. GENERAL SOLUTION-GREEN'S FUNCTION TECHNIQUE

Equation (1) together with the boundary and initial conditions equations (4) and (5)
defines the dynamic problem for an arbitrary forcing field q(x, {3, t).

Associated with this problem there is a Green's tensor

(6)

in which Kij(x, {3, t; Xo, {30, to) is physically interpreted as the response component in the
ith direction of a point x, {3 on the shell mid-surface at a time t due to an impulse at a point
xo, {30 in the jth direction at a prior time to. Since we are interested in a solution of
equation (1) for only t > 0, it should then be kept in mind that to > 0 is imposed hereafter.
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Inspection of equation (1) suggests that the Green's tensor Kij satisfies the following
equations:

(7)

(8)

(9)

where
(10)

and bis the Dirac distribution in which Xo, 130, to is the impulse source point with 0 < Xo < I
and to > O. The Green's tensor also satisfies the same homogeneous boundary conditions
as those for d

(11)

for i = 1,2,3:
and the causality conditions

a
KiiX,13, t;xo,f3o,to) = at Kij(x, f3,t; xo, 130' to) = 0 ift < to, fori,j = 1,2,3. (12)

It is plausible at this moment to think that certain relations of reciprocity property
for Green's tensor exist on account of symmetry in operators Aij in the sense of Hilbert
space which has the homogeneous boundary conditions equation (11). The rest of this
section will be devoted to the determination of the Green's tensor and its reciprocity
relation as well as the derivation of general solution to the dynamic problem defined by
equations (1), (4) and (5) in terms of Green's tensor.

A. Determination of Green's tensor

In view of the boundary conditions equation (11), the solution of equation (9) may be
sought in the form

00 00

K 13(X,f3,t;xo,f3o,to) = L L U3 cos(mnxll)cosn(f3-f3o)
m= 1 n=O

00 00

K 23(X,f3,t;xo,Po,t O) = L L V3 sin(mnxll)sinn(f3-f30)
m=l n=l

00 00

K 33(X,f3,t;xo,f3o,tO) = L L W3 sin(mnxll)cosn(f3-f30)'
m= 1 n=O

(13)
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(14)a . mnxo[ 0 ]
= Flnsm-l- <5(t-t

o
)'

where U 3' V3 , W3 are functions of t, to, X o and dependent on integers m, n. They are to be
so chosen as to satisfy the equation of motion equation (9) and the initial conditions
implied by equation (12).

Substituting equation (13) into equation (9) and multiplying the first, second and third
equations by [cos(mnx/l) cos n(f3 - 130)], [sin(mnx//) sin n(f3 - 130)] and [sin(mnx/l) cos n(f3 - 130)]
respectively, then integrating the resulting equations over the shell surface, one obtains
after rearranging terms the following two categories:
(a) Axisymmetrical modes

Phal[~.3] +[ A4

F W3 -As

for n = 0, m = 1,2, ....
(b) Non-axisymmetric modes

(15)

for m, n = 1,2, ....
where ("") is used to denote the second derivative with respect to time t, and the coefficients
Ai' Bi , C i are defined by

Al = (I +tXI)A.1 + {C; V)(I +k)+tX1} n1

A1 = (I;V)A.n, A3 = [(V-tX1)A.+kA.3-k(I;V)A.n1]

A4 = [(I +tXI)A.1
], As = [(v-tX1)A.+kA.3]

Bo = [(I;V)+k!(I_V)+tXI}l

B1 = [(I+tXl)nl+A.l{C~V)+k!(I-V)+tXl}]

B3 = [(I +tX1)n+k(3; V)A.1nJ

C3 = [I +k+k(A.1+n1)1+tXIA.1+(tX1 -2k)n2
]

C4 = [I +k+kA.4 +tXIA.1],

(16)

where A. = mna/l.
Employing Laplace transforms with respect to t to equations (14) and (15) then taking

the inversion of the resulting transformed equations in combination with the convolution
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theorem, one finds the expressions for the time functions as

for

(17)

and

n = 0, m = 1,2, ... , i # j;

for

(18)

m, n = 1,2, ... , i # j # k # i;

where H(t - to) is the Heaviside step function with a discontinuity at to, and the coefficients
are given by

ft = bZ+c3, fz = bZc3-bL

f4 = a tc3-aL fs = at +bz ,

f3 = at +C3

f6 = atbz -a~
(19)

w? (i = 1,2) are the two roots of the frequency equation for axisymmetric modes of free
vibration

(20)

and ni, n~ and n~ are the three roots of the frequency equation for non-axisymmetric
modes of free vibration of the cylinder

(WZ)3 -ez(wZ)Z +etwZ-eo = 0 (21)

where

[ a,
-az

-a'Jeo = -az bz b3 (22)

-a3 b3 C3

It should be noted that the use of the following initial conditions derived from
equation (12)

U 3 = V3 = W3 = 0

(j 3 = V3 = W3 = 0 at t = 0
(23)
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and the frequency inequalities*

w~ > wi > ° for n = 0, m = 1,2 ...

n; > n~ > ni > ° for m, n = 1,2 ...

has been made in arriving at equations (17) and (18).
Equation (13) together with equations (17) and (18) determines the Green's tensor

components K i3 (i = 1,2,3).
In a similar way, K il (i = 1,2,3), the solution for equation (7) may be expressed as

OC! OC!

K 11 (x, P, t; x o, Po, to) = L: L: V I cos(mnx/l) cos n(p - Po)
m~ I n~O

OC! OC!

K 21 (x, P, t; x o, Po, to) = L: L: VI sin(mnx/l) sin n(p - Po)
m~ I n~ I

OC! OC!

K 31 (x,P,t;xo,Po,to) = L: L: WI sin(mnx/l) cos n(p-po)
m~ I n~O

where the time coefficients are given by

l
vIl lnt-fin? + f2l_ ~ 2H(t - to) sin ni(t - to) cos(mnxo/l) _ n 2
VI - L... h I (£"\2 £"\2)(£"\2 £"\2)£"\ go a2 I

i~l P an~~i -~~j ~~i -uk ui

WI gl -a3n?
i -# j -# k -# i; for m, n = 1,2 ...

[VI] = f H(t-to)SinWi(t2-~0)~os(mnxo/l)[C4-W?]
WI i~l phaln(wj Wi)W i as

i -# j; for n = 0, m = 1,2 ... ,
and

- H(t-to)sinwon(t-to) f -0 -12
V I - h I or m - , n - , , ...

p a nWOn

(24)

(25)

(26)

(27)

in which w6n = ao is frequency squared of longitudinal modes at which all particles along
P= PI vibrate with equal amplitude and phase longitudinally for each n. The rigid body
mode VI (m = n = 0) which has no relevance to the vibratory motion has been excluded
from this analysis.

Similarly, K i2 (i = 1,2,3) are given by
OC! OC!

K dx, P, t; X o, Po, to) = L: L: V 2 cos(mnx/l) sin n(p - Po)
m~l n~l

OC! OC!

K dx, P, t; X o, Po, to) = L: L: V2 sin(mnx/l) cos n(p - Po)
m~ I n~O

OC! OC!

K 32(x, P, t; X o, Po, to) = L: L: W2sin(mnx/l) sin n(p - Po),
m;;:: 1 n= 1

* For detailed proof refer to Liao [15].

(28)
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(30)
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where the time coefficients are given as

[

u2] = ~ 2H(t _ to) sin Qj(t - to) sin(m1txo/l) [~~Of-::Q;;l
V2 1... 2 2 2 2 Q. 3~~. +J4

j=l phal1t(Qj -Qj)(Qj -Qk)Q j
W2 - (g2 +b3Q;)

i #- j #- k #- i, for m, n = 1, 2, ...

H(t - to) sin wmO(t - to) sin(m1txo/l) l" 0
V2 = lor n = , m = 1,2, ...

phal1twmo

where w;'o = bo is the frequency squared of the torsional modes at which all particles at
any cross section which is perpendicular to the axis of symmetry of the cylinder vibrate
torsionally with equal phase and amplitude for each m.

A study of equations (13), (17), (18) and equations (24) through (30) reveals the
reciprocity relations of the Green's tensor as

Kij(x,P,t;xo,Po,to) = Kjj(xo,Po, -to;x,p, -t)

or in the form

i,j=I,2,3;

i,j = 1,2,3.

(31 )

(32)

(33)

B. Derivation of general solution

For convenience, equations (7), (8) and (9) are combined into a single matrix equation
as

RG(x,p,t;xo,Po,to) = -~E'P(x,p,t;xo,Po,to),

where R, G, p are defined in equations (2), (6), (10) respectively, and E' is the identity matrix
of order 3. Equation (33) may be put in the component form

where Djk is the Kronecker delta symbol and

(34)

02

R.. = A..-D..(pha 2/F)-
.) I)') at 2 fori = 1,2

(35)

The integral representation of the solution for equation (1) may now be derived in a
similar procedure as described by Morse and Feshbach [16] for uncoupled wave equation
with further generalization fitted for a system of coupled differential equations as follows:
Write equations (1) and (33) in the Xo, Po, to coordinates, then premultiply the first of
these equations by Green's tensor G(x, P, t; X o, Po, to) and the second by a row matrix
[u v w] in the X o, Po, to coordinates, respectively; transpose the latter matrix equation,
making use of the reciprocity relation equation (31), and integrate the resulting equations
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over the surface under investigation and over time from 0 to t+. The result is

[Ml2 rt
+ J

- ; d(x, p, I) ~ J, dl, dS, :: (37)

where

M j = ukRkjKjj(xo,{3o, -to;x,{3, -t); i = 1,2,3, (38)

N j = Kjix,{3,t;xo,{3o,to)RjkUk; i = 1,2,3, (39)

where the summation notation for repeated indices has been utilized and Uk' R kj , R jk are
all in the x o, {30, to coordinates. In equations (36) and (37) the surface element dSo is used
to denote (a dxo d{3o), and the symbol t + has been utilized to represent t + e where e is an
arbitrary small positive number so as to avoid ending the integration exactly at the
singularity of the Dirac distribution.

Subtracting equation (37) from equation (36) yields the complete solution in the
integral form

(40)

By substituting equations (38) and (39) into equation (40) and noting equations (31) and
(35), equation (40) may be conveniently put in the component form

for

Uj(x,{3,t) = {+ dtoJdSoKij(x,{3, t;xo,{3o,to)qix o,{3o, to)

F t+

+ a2 { dtoJdSo{Kji±Ajk)uk-uk(±Ak)Kij}

-ph JdSo {+ dto{Kij£5jk:t2~Uk-Uk£5kj:t~Kjj}'

i = 1,2,3;

(41 )

where K jj are functions of (x, {3, t; x o, {30, to), and for brevity the notation is introduced

(± Ak) = Akj if k = 1,2

= (- Ak ) if k = 3.
(42)
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Equation (40) or equation (41) gives the complete solution to the inhomogeneous problem
described by equation (l) with inclusion of the satisfaction of inhomogeneous boundary
conditions and nontrivial initial conditions of displacements U i • The first term of equation
(41) represents the effect of impulse sources; the second the effect of the boundary con
ditions, while the last term includes the effect of initial conditions of Ui.

If our attention is restricted to the problem defined by equation (I) along with the
homogeneous boundary and initial conditions equations (4) and (5), it is seen by successive
partial integration with respect to time variable the third integral of equation (41) vanishes
since

(43)

in which the initial conditions equation (5) and the causality conditions equation (12) are
utilized.

Also, by successive partial integration with respect to space variables X o and/or 130 one
may conclude

(44)

for i = 1,2, 3, with no sum on k, j;

by virtue of the homogeneous boundary conditions satisfied by both d and K ij . As a
consequence, the second integral of equation (41) vanishes also. It thus yields the integral
representation of the general solution as

(45)

or in the component form

(46)

In the case of ql = q2 = 0, the radial load q3 is the only force acting on the shell, the
solution becomes

It + I2
l< I'ui(x, 13, t) = 0 0 0 K i3(X, 13, t; x o, 130' to)q3(XO, 130' to)a dxo d130 dt o

for i = 1,2,3.

(47)
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4. ANALYTICAL SOLUTIONS FOR CASES OF CYCLIC MOVING LOADS

A. Oscillating moving ring load

An axially symmetric moving ring load oscillates about a fixed parallel of the cylinder
x = XI as shown in Fig. 2. Then

q3 = Qo cos et b(x- {XI +X sin yt}) for all t ~ 0,
(48)

Q.oCOS ef
r- x=x +Xsinyf --1

FIG. 2. Load geometry of oscillating ring load.

where e is the transverse frequency of ring load; y is the circular frequency of the axial
oscillation of load; X is the amplitude of axially oscillatory position of ring load and Qo
is the amplitude of intensity of ring load, for brevity, the conditions

are assumed.
By noting equations (13), (17) and (18), the displacement equation (47) becomes

v=O

00 ~ (a4 - w;) sin(mnx/l) .
W = L L. 2 2 Ii(t),

m= 1 i= I ph(Wj -Wi )Wi

where

2Qo I' . mn . .Ii(t) = ~l~ 0 cos er sm-I-(x I +x sm yr)sm wi(t-r)dr.

(49)

(50)
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Noting the following Bessel function identities [17]

00

cos(GsinH) = Jo(G)+2 L {J2iG)cos2jH}
j= 1

00

sin(GsinH) = 2 L {J2j+l(G)sin(2j+I)H}
j=O

00

cos(G cos H) = Jo(G)+2 L {( - WJ2iG) cos 2jH}
j= 1

00

sin(G COS H) = 2 L {(-I)jJ2j+1(G)cos(2j+I)H},
j= 0

(51 )

where J is the Bessel function of the first kind, one may evaluate the integral ofequation (50).

where

Qo {COS et - cos wit cos et - cos Wit}
Ii(t) = -I Jo(M) sin L +

wi-e wi+e

Qo. ~ {cos(e + 2jy)t - cos wit cos(e - 2jy)t - cos Wit
+-sm L L. J2j(M) . + .

1 j=l wi-e-2JY wi+e-2JY

cos(e - 2jy)t - cos wit cos(e + 2jy)t - cos Wit}
+ 2' + 2'wi-e+ lY wi+e+ lY

Qo ~ {Sin[ - e + (2j + I)y]t + sin Wit
+-1 cos L L. J2j + l(M) (2' I)

j=O wi-e+ 1+ y

sin[e+(2j+ I)y]t+sin Wit sin[e+ (2j + I)y]t-sin Wit

+ wi+e+(2j+ I)y + wi-e-(2j+ I)y

sin[ -e+(2j+ I)y]t-sin Wit}
+ wi+e-(2j+ I)y ,

(52)

L = mnxtll, M = mnX/I. (53)

An investigation of equations (52) and (49) shows that resonance will occur whenever
any of the following conditions is satisfied for every value of m :

Wi = e

where e > 0, y > o.

Iwj-el = 2jy;

wj+e = 2jy;

wi+e = (2j+l)y;

Iwi-el = (2j+ I)y;

j = 1,2,3, .

j = 1,2,3, .

j = 0, 1,2, .,.

j = 0, 1,2, ...

(54)



716 ERIC N. K. LIAO and P. G. KESSEL

Equation (54) may be rewritten as

j = 1,2, ... (55)

i = 1,2 for m = 1,2, ...

Considering equation (52), it is noticed that for e = 0 the resonance conditions become

(w;)/j = y, j = 1,2, ... for i = 1,2; m = 1,2, .... (56)

These results agree with those presented by Crocker [lOJ for a flat panel and Kessel and
Schlack [l1J for a beam subjected to a similar type ofloading.

B. Radial point load oscillating axially about a fixed point

As shown schematically in Fig. 3, the loading function may be written as

(57)

Ix=o

FIG. 3. Load geometry of cyclic moving point force.

x=~1

where Po is the concentrated constant force whose position is described by (Xl + X sin yt, 0)
in which X I is the axial coordinate of the center of oscillation, X is the amplitude of axial
oscillating movement and y the circular frequency of axial oscillation of the concentrated
force.

For simplicity, the consideration is restricted to Xl > 0, 0 ~ Xl + X sin yt ~ l.
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Substituting equation (57) into equation (47), one obtains

00 00 3 mu
U = m~l n~l i~l -(gl -a30;)2Po cos -/- cos nfJT;(O)Qi(t, 0)

00 2 mnx
+ m~l i~l -asPo cos-/-Si(£O)Qi(t, (0)

00 00 3 mnx
v = m~ 1 n~1 i~l - (g2 + b30;)2Po sin -/- sin nfJT;(O)Qi(t, 0) (58)

00 00 3 mnx
w = m~l n~l i~l -(01- fsO; + f6)2Po sin -/- cos nfJT;(O)Q;(t, 0)

00 2 mnx
+ L L -(a4 - £O;)Po sin -S;(£O)Q;(t, (0),

m;li;l I

where

I/S i (£O) = pha/n(£OJ-£Of)£Oi

1/T;(0) = pha/n(O; - OJ)(O; - O~)Oi i i= j i= k i= i,

Qi(t, Q) = {sin min (Xl + X sin ')'r) sin 0i(t - r) dr

Qi(t, (0) = {sin ~n (x 1 + X sin yr) sin wi(t - r) dr.

(59)

(60)

By noting equations (50), (52) and (53), it may be readily seen that equation (60) becomes

00

+ sin L L J2iM)(cos 2j')'t - cos Oit)2Qd[O; - (2jy)2]
j;l

L
~ (M)[sin(2j + 1)')'t + sin Oit sin(2j + 1)')'t - sin Oit]

+ cos L. J2j+ 1 + .
j;O Oi+(2j+ 1)')' Oi-(2j+ 1)')'

(61)

Equations (58), (59) and (61) give the complete solution for this problem.
Equation (61) shows that this system has, theoretically, infinite opportunities of

resonance for every mode of vibration:

and

1')'1 = 0dj, j = 1,2,3, ...

for i = 1,2,3; m, n = 1,2,3, ...
(62)

n = 0,

1')'1 = wdj,

for i = 1,2;

j = 1,2,3, ...

m = 1,2,3, ....
(63)
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It is noticed that the terms containing sin nit, cos nit, sin wJ or cos w;t in equations
(52) and (61) represent the effect of the free vibration on dynamic response, therefore the
solutions provided by equation (49) together with equation (52) and by equation (58) with
equations (59) and (61) to both problems are for transient response rather than steady
state response. By disregarding these free vibration terms which in practical engineering
systems are soon damped out, equations (52) and (61) become respectively

2QOW i[. 2 2Ii(t) = -1- Jo(M) sm L cos et/(wi - e )

and

. L IOO

J ( ){ cos(e+2j1')t COS(e-2j1')t}+sm 2· M 2 +----;;-2---,-----;;:
j=I J Wi -(e+2j1')2 Wi -(e-2j1')2

~ ){sin[ -e+(2j+ 1)1']t sin[e+(2j+ 1)1']t }]
+cosL 1... J2 + 1(M 2 2+ 2 2

j=O J wi -[e-(2j+l)1'] wi -[e+(2j+I)1']

(64)

(65)

Therefore equations (64) and (49) give the steady state response for axially oscillating
ring load problem, while equation (58) together with equations (59), (65) provides the steady
state solution to the cyclic moving point force problem. The conditions for resonance
equation (56) and equations (62), (63) remain unchanged.

5. NUMERICAL RESULTS

The lowest frequency of a shell will always occur when m = 1, and neither 2, 3, 4, ...
depending on the shell's geometry.

Designating n L as this lowest frequency, then from the results of Kessel and Schlack [11]
in their study of a beam subject to a cyclic moving point force, we know that the most
severe resonance will be excited by a load movement frequency l' = n L or l' = nd2
depending on the initial position axial coordinate x 1 and the amplitude of the axial move
ment X. For the special case of a concentrated load oscillating about the midspan of the
shell along fJ = 0, and considering only the radial deflection of shell at point x = 1/2,
fJ = 0, then XI = 1/2, then it follows that

I

·mnx . mnx 1 ( I )<m - 1)/2sm-- = sm-- = -
I I

mnx 1 °cos-- =
I

for m = 1,3,5, ...

for m = 1,3,5, ....
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Therefore for x = x I = 1/2, f3 = 0, utilizing the following dimensionless notations

(66)

W = wljl

where

Elhn
IjI = [Poa(l- v2)J

and after considerable mathematical manipulation, we have the steady state solution at
resonance y = nd2, i.e. dy = dd4 for the particular mode m = 1, i = 1, for some n in the
nondimensional form:

W=

(67)

where M = mnX/1 and M r = nX/1. The static deflection due to a point force Po at Xl = 1/2
and f3 = 0 may be obtained from letting X approach zero, since

Ws = lim w.
x~o

This result agrees with those given by Liao and Kessel [18J.
The decaying nature of the Bessel functions J2n in the numerator coupled with the

rapid increase of shell frequency di in the denominator of equation (67) makes the series
rapidly convergent. Numerical results from equation (67) are presented in Figs. 4-8.

Figures 4, 5 and 6 show the ratio of dynamic deflection to static deflection vs a dimen
sionless amplitude of load movement for different numbers of periods of dimensionless
time. The shell parameters for Figs. 4, 5 and 6 are h/a = 0·01, L/a = 4·0 and respectively
Fig. 4 with no initial stress, Fig. 5 with two-way initial tension and Fig. 6 with two-way
initial compression. It is readily observed that large dynamic deflections may result from
this type of loading and further these deflections may be considerably influenced by the
system of initial stress.
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Figure 7 illustrates the effect of increasing the L/a ratio to 6·0 with a system of no
initial stress. Finally Fig. 8 provides a basis of comparison of Figs. 4-7 for a dimensionless
period of time T = 9.

6. CONCLUSIONS

The general solution to the dynamic problem of pressurized or unpressurized simply
supported cylindrical shells subjected to arbitrary time-dependent surface forces has been
derived in the integral representation from the standpoint of retaining radial, axial and
circumferential inertia forces, and the associated Green's tensor is also presented explicitly
in terms of modal functions.

This paper has demonstrated the direct application of the integral solution to specific
problems of a sinusoidally oscillating ring load and a cyclic travelling concentrated force
to determine analytically the transient and steady state response. It is found that in both
problems there are, theoretically, infinite opportunities of resonance for each mode
of vibration which can be strongly excited by axial movement frequency y = 0, 0/2,
0/3, ....
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APPENDIX 1

Although the analysis is presented based on the Flugge's equations, it is interesting to
note that the general solution together with the Green's tensor representation and the
analytical solutions obtained for the specific problems are also valid for the Donnell's
equations if proper changes of definitions are made as follows:

jj2( 1- v) 02

All = oa.2 + -2- of32 ' (
1+ v) 0

2

A 12 = -2- oa. of3 = A 21

(A-I)



724 ERIC N. K. LIAO and P. G. KESSEL

(A-2)
vA., As = vA.

(
1-2 v) 12, 2 ( 1- v) 2Bo J<. B2 = n + -2 A. , B3 = n

C3 = [l+k(.F+n2)2+1XIA2+1X2n2], C4 = [1+kA4 +1X 1A.2].

By replacing equations (3) and (16) by equations (A-I) and (A-2) respectively, the argument
and result presented in the foregoing analysis are applicable to the Donnell's equations
equally well.

(Received 10 April 1972; revised 5 October 1972)

A6cTpaKT-BbIBOJJ.HTClI HHTerpaJlbHOe peweHHe JJ.JllI BeKTOpa nepeMeweHHH cepeJJ.HHHoH nOBepXHOCTH

KOHe'lHOH, cBo6oJJ.HO orrepToH, TOHKOH, KpyrJloH ~HJlHHAPH'IecKoll060JlO'lKH, C Ha'laJlbHbIMH JJ.ByXOCHbIMH

HanplllKeHHlIMH, nOJJ.BeplKeHHoH JJ.eHcTBHIO rrpOHJBOJlbHblX, Tpexpa3MepHblX, JaBHClIWHX OT BpeMeHH,

nOBepxHOCTHblX HarpyJOK. PeweHHe JJ.aeTClI B BHJJ.e lIApa npHcoeJJ.HHeHHoro TeHJOpa fpHHa, OCHOBaaHoro

Ha ypaBHeHHlIx <!JJllOrre. B cJly'lae HenocpeJJ.CTBeHHblX npHMeHeHHH, pa60Ta JJ.aeT TeOpeTH'IeCKHH aHaJlHJ

JJ.JllI: (a) JJ.HHaMH'IeCKOrO nOBeAeHHlI npeJJ.BapHTeJlbHO HanplllKeHHoH ~HJlHHJJ.pH'IeCKOH060JlO'lKH BCJle,aCTBHe

~HKJlH'IeCKOH, nOABHlKHOH, ocecHMMeTpH'IeCKOH, KOJlb~eBOH HarpyJKH H (6) HeCTa~HOHapHoroH CTa~HO

HapHoro nOBeJJ.eHHlI npeABapHTeJlbHO HanplllKeHHoH 060JlO'lKH, nOJJ.BeplKeHHoH JJ.eHcTBHIO UHKJlH'IeCKoH.

JJ.BHlKymeHclI cocpeAoTo'leHHoll CHJlb!. OKaJbIBaeTClI 'ITO B 3THX AByX JaJJ.a'lax TeOpeTH'IeCKH cywecTByeT

6eCKOHe'lHOe '1HCJlO '1aCTOT JJ.BHlKeHHlI HarpyJKH AJllI Toro, '1To6bl BOJ6ylKJJ.aTb 6J1HJH peJOHaHCa KalKAHH

BHJJ. KOJIe6aHHH 060JIO'lKH, JlH60 C Ha'laJlbHbIMH HanplllKeHHlIMH, JlH60 6eJ. 06wee JJ.HHaMH'IeCKOe peweHHe

npeJJ.BapHTeJlbHO HarrplllKeHHblX 060JlO'leK BMeCTe C HJo6palKeHHeM TeHJOpa fpHHa H aHaJlHTH'IeCKHe

peweHHlI oco6eHHblX 3aJJ.a'l lIBJllIIOTClI, TaKlKe, BalKHblMH AJllI ypaBHeHHH lloHeJlJla, eCJlH TOJlbKO onpeA

eJleHHe nOHlITHlI HeKOTopblX K03<!J<!JHUHeHTOB npaBHJlbHO YCTaHOBJleHO.


